Abstract-A plasma-loaded sheath helix supports lower hybrid modes that extend to the outside vacuum region. The phase velocity of the mode is significantly retarded by the presence of the sheath helix, making it liable to excitation by a low-energy electron beam. The extent of the mode outside the plasma is also reduced by the helix. An analysis of lower hybrid mode excitation by a beam propagating in the vacuum region reveals that nonlocal effects significantly reduce the growth rate. If the instability is taken to saturate via particle trapping, it acquires a large amplitude, giving oscillatory velocity large enough to lead to nonlinear effects.
I. INTRODUCTION B
EAM-DRIVEN instabilities in plasmas have been the subject of extensive theoretical and experimental investigations for many years [1] , [2] . Earlier investigations considered the excitation of electrostatic waves where the electron beam has to pass through the plasma. In such cases, the excitation of modes with frequencies close to the electron plasma frequency [u> ~ u> p ) becomes dominant. Recently, much work has been done on the excitation of electromagnetic modes, where the electron beam propagates outside the plasma region to avoid the excitation of electrostatic modes. This, however, is possible only if the mode does not decay very fast radially away from the plasma. Kuzelev et al. [3] have developed an attractive plasma configuration, viz. a hollow plasma cylinder of radius r\ cm and width A cm (A <C r{) produced by a medium-energy electron beam. The plasma is immersed in a strong guide field, B g z. A relativistic electron beam propagates just inside the plasma cylinder. The plasma configuration supports electromagnetic modes, with phase velocity slightly less than c, which are driven to instability by the relativistic electron beam when the phase synchronism condition (u> -k • v b = 0) is satisfied. The efficiency of the device is quite high (~ 35% at 10 GHz).
There is significant interest nowadays in exciting electromagnetic waves with low-energy electron beams. Recent experiments have shown an enhancement in the efficiency of a backward wave oscillator with the introduction of a plasma into the interaction region [4] . Though the plasma itself acts as a slowing down medium, the modes can be slowed down considerably by using slow wave structures [5] - [7] , thus reducing the beam energy requirements significantly.
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In this paper, we study a configuration for the excitation of hybrid electrostatic-electromagnetic modes in a plasmaloaded sheath helix. We consider a sheath helix filled with a magnetized plasma. The helix is like an anisotropically conducting cylinder, with infinite conductivity along the turns of the helix. The plasma supports slow lower hybrid waves whose phase velocity is considerably reduced by the presence of the helix. Such a configuration could be attractive for operating an EM wiggler free electron laser (FEL), which has been an exciting field of research in recent years [8] , [9] . The large k z obtained because of the helix can be useful in obtaining higher frequency radiations from a FEL.
In Section II we study the mode structure of lower hybrid and whistler waves and obtain a dispersion relation for the former. In Section III, we introduce the beam terms into the wave equation and evaluate the growth rate of the lower hybrid waves by using a perturbation technique. The amplitude of the electric field at which the instability saturates is also determined. The results and conclusions are briefly discussed in Section IV. In the Appendix, we study the case where a finite vacuum region exists between the plasma and the helix.
II. DISPERSION RELATION
Consider a cylindrical plasma column of radius r p and density n° enclosed in a sheath helix of radius r^ (Fig. 1) . The helix is considered as an anisotropically conducting cylinder with infinite conductivity along the turns of the helix, which are at an angle * to the plane perpendicular to the Z axis. This is reasonable as long as the phase change over each element of length L of the periodic structure is considerably less than TT. The plasma is cold and uniform and is subjected to an axial magnetic field, B g z. An infinitesimally thin hollow cylindrical electron beam of radius n (n > r p ) passes through the vacuum region outside the plasma in the vicinity of the helix.
The electric and magnetic field vectors of the modes in the plasma region obey the wave equations
( 1) and
where e is the plasma dielectric tensor. The z components in (1) and (2) involve transverse E components, which can be obtained from Maxwell's equations in terms of the axial E and B components. Considering azimuthal symmetry and a phase dependence as exp[-i(wt -k z z)\, we obtain Using the above E r and £9 in the z components of (1) and (2) we obtain and where
Multiplying (6) by a and adding it to (5) and then choosing a such that
(5) and (6) give
where T § = -ci/(aj + 002).
Equation (7) reduces to a quadratic equation in a:
the solution of which gives two values for a:
Correspondingly, we obtain two values for A and T §:
In infinite geometry, fcj^ and k z are effectively the perpendicular and the parallel wave vectors respectively. Equation (12) then reduces to give the dispersion relation of a whistler wave, and (13) reduces to the standard dispersion relation of a Gould-Trivelpeice mode with an electromagnetic correction. Equation (8) now reduces to
where subscripts j = 1,2 refer to the corresponding two solutions determined above.
For (14), we obtain two possible solutions:
where the superscript i refers to the region inside the plasma and N o and N\ are constants. The two modes correspond to the whistler and the lower hybrid modes, respectively, as seen earlier. Using (10)-(13) in the two above mode equations, the axial field components for the region inside the plasma are obtained as
The wave equation in the vacuum region outside the plasma the solutions of which are obtained as
E°z=N 2 K 0 (pr)
and 
We now introduce the boundary conditions because of the helix:
1. E z and B z are continuous across the helix surface:
where uj
In the plasma region, the E and B fields satisfying (14) are those given in (15) and (16). Considering the lower hybrid mode excitation, we equate the LHS of (15) to zero, obtaining 2. The electric field disappears in the direction of current flow:
3. The component of the magnetic field in the direction of conduction is continuous as no current flows perpendicular to it:
We use the axial and transverse field components in the above boundary conditions under the following assumptions: 1. w <C w p ,w c ,cfc z ; 2. the arguments of the / functions are small; hence, /o -» 1 and h -> 0. With these assumptions, we obtain the dispersion relation for the lower hybrid modes: 
III. GROWTH RATE
Consider an inflnitesimally thin hollow electron beam, of surface charge density noS(r -rb), propagating with a velocity Vb outside the helix. The wave equation in the vacuum region outside the plasma in the presence of the beam is given by
(30)
In the absence of the beam, the RHS of (33) vanishes and the electric field in this case is given by (20). Let this unperturbed state be represented by the eigenfunction E z = E zn (eqs. (20) and (36)) and eigenfrequency u = u) n . Considering the first-order perturbation technique [7] , [9] , we assume that the eigenfunction of the perturbed state is E z = AE zn , where A is a constant and the eigenfrequency is w. Substituting E z = AE zn in (37), multiplying on both sides by rE z , and integrating over r from r = 0 to r = 00, we obtain where / = / 0°° E zn E* zn rdr. The simultaneous zeros of the LHS of (38) are at w = w n (plasma mode) and at u = k z v b (beam mode). To determine the growth rate of the lower hybrid mode, we expand u about the simultaneous zeros of the LHS of (38). Substituting CJ = u) n + 8 in (38), on solving for 6 we obtain
where m is an integer. For m = 0, we obtain the growth rate, 7 = Im (6) As the transverse extent of the beam is much smaller than that of the mode, the beam interacts with the mode through a very small area. Nonlocal effects, therefore, reduce the growth rate of the instability, and this effect is manifested through the geometrical factor, G. When the beam is very close to the helix, G is of the order of unity. Otherwise, G is usually smaller than unity.
The role of the helix appears mainly through the continuity and boundary conditions at the helix boundary. The role of the plasma appears through the unmodified eigenfrequencie w n . The interaction between the wave and the beam is through Cerenkov resonance.
The instability may saturate via a variety of nonlinear processes, the most prominent being the trapping of electrons in the potential well of the wave. For a wave of amplitude E z and bounce frequency w b = [ efc^£ *], the instability could saturate when the bounce frequency, w b , equals the growth rate, 7, of the mode. The electric field E z at the position of the electrons can be determined using the above condition in (41):
For the parameters uj pb = 2TT * 10 6 rad/s, w = 4TT * 10 8 rad/s, and k z = 0.49 cm"
1 , E z = 21.1 V/cm. The oscillatory electron velocity under this field is given by v o = (eE z /muj) = 2.8 * 10 7 cm/s. The effect of the helix is manifested through the enhancement of k z , i.e., slowing down of the wave, and through the restriction of the transverse extent of the mode. In the trapping process, the axial electron motion interacts with the axial field components. The presence of the helix, therefore, does not have any significant effect on the trapping process. 
IV. DISCUSSION
Equations (12) and (13) show two possible modes, corresponding to the whistler and lower hybrid modes respectively, which satisfy the wave equation for a plasma-loaded sheath helix. The two modes are coupled, but under the assumption of small arguments for the I functions, the lower hybrid mode is dominant (eq. (29)). To have numerical appreciation of the results, we solved (29) graphically to determine k z corresponding to different frequencies u. The plot of the dispersion curve (cf. Fig. 2 ) for the parameters ui p = 3.14 * 10 10 rad/s, w c = 5TT * 10 9 rad/s, r h = 1 cm, and ip = 4°s hows that the presence of the helix causes a reduction of about 40% in the phase velocity of the mode, which implies that a significant reduction in the beam energy requirement is possible with this configuration.
The mode structure of the lower hybrid mode is plotted in Fig. 3 . It is seen that the presence of the helix causes a reduction in the radial mode extent outside the plasma.
In Section III, considering that the instability saturates via particle trapping, we evaluated the amplitude of the electric field at the saturation point. For the parameters w pb = 2TT * 10 6 rad/s, uj = 4TT * 10 8 rad/s, and k z = 0.49 cm" 1 , the electric field at the position of the electron is 21.1 V/cm, imparting to the electron an oscillatory velocity of 2.8 * 10 7 cm/s. At such field amplitudes, the lower hybrid wave can show nonlinear effects, among them modulational instability and decay instability. Praburam et al. [10] have observed the modulational instability of a lower hybrid pump in a lowenergy beam plasma system. Konar et al. [11] have given a nonlocal theory for the modulational instability of a lower hybrid wave and have observed that the growth rate, 7, is proportional to the pump amplitude. The threshold value of the pump potential for the onset of the instability, as obtained by them, was in the range of 5.9-5.74 V depending upon UJ. The growth rate for the resonant decay of a lower hybrid pump into an ion acoustic wave and a lower hybrid wave has been A plasma-loaded sheath helix can be useful in the generation of low-frequency electromagnetic waves using low-energy electron beams. Further, the introduction of the plasma into the helix causes a change in the structure of the helix mode, resulting in an increased power handling capacity of the device.
In practical situations, a finite vacuum region is necessary between the plasma and the helix. The dispersion relation of such a configuration is obtained in the Appendix. For the helix to be effective in slowing down the bulk modes of the plasma, the separation has to be very small. However, if the separation is smaller than k z , the presence of the gap does not cause any significant change in the lower hybrid mode.
V. APPENDIX
If we consider a finite vacuum region between the plasma and the helix, the field components in the three regions are as follows. 
